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Abstract
The optimal ecological performance of a generalized irreversible Carnot heat engine with the losses of
heat-resistance, heat leakage and internal irreversibility, in which the transfer between the working fluid
and the heat reservoirs obeys a complex heat transfer law, including generalized convective heat transfer
law and generalized radiative heat transfer law, Q ∝ ∆(T n )m , is derived by taking an ecological
optimization criterion as the objective, which consists of maximizing a function representing the best
compromise between the power and entropy production rate of the heat engine. The effects of heat
transfer laws and various loss terms are analyzed. The obtained results include those obtained in many
literatures.
Copyright © 2011 International Energy and Environment Foundation - All rights reserved.
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1. Introduction
In the last decades, most of the finite time thermodynamic works were concentrated on the performance
limits of thermodynamic processes and optimization of thermodynamic cycles [1-20]. Different
optimization objectives were adopted in the analysis and optimization of heat engine cycles, including
power output, exergy output, efficiency, specific power output, power density, etc. In 1991, AnguloBrown [21] proved that the product of the entropy generation rate σ and the temperature TL of lowtemperature heat reservoir reflects the dissipation of the power output P of the heat engine. So he
investigated the optimal performance of heat engine by taking into account the function representing best
compromise between P and TLσ , E ' = P − TLσ as the objective function. Since the objective function
E ' is similar to the ecological objective in some sense, it is called ecological objective function.
However, Yan [22] considered the function is not reasonable because, if the cold reservoir temperature
TL is not equal to the environment temperature T0 , in the definition of E ' , two different quantities,

exergy output P and non-exergy TLσ , were compared. And he brought forward a function E = P − T0σ
instead of E ' . This criterion function is more reasonable than that presented by Angulo-Brown [21]. The
optimization of the ecological function represents a compromise between the power output P and the
lost power T0σ , which is produced by entropy generation in the system and its surroundings.
In the analysis of many papers concerning ecological performance optimization were for endoreversible
Carnot and Brayton heat engines [23-30], in which only the irreversibility of finite rate heat transfer is
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considered. The endoreversible heat engine requires no internal irreversibility. However, real heat
engines are usually devices with both internal and external irreversiblities. Besides the irreversibility of
finite rate heat transfer, there are also other sources of irreversiblities, such as heat leakage, dissipation
processes inside the working fluid, etc. [31, 32]. Based on the work of Refs. [31, 32], the optimal
ecological performance of a Newton’s law generalized irreversible Carnot engine with the losses of heatresistance, heat leakage and internal irreversibility is derived by taking an ecological optimization
criterion as the objective by Chen et al. [33]. Some authors studied the ecological performance of
irreversible Stirling , Ericsson and Brayton heat-engines [34, 35].
In general, heat transfer is not necessarily linear. Heat transfer law has a strong effect on the performance
of endoreversible and irreversible heat engines [18, 36-49]. Recently, Li et al. [50] and Chen et al. [51]
obtained the fundamental optimal relationship of the endoreversible [50] and irreversible [51] Carnot
heat engines by using a complex heat transfer law, including generalized convective heat transfer law
[ Q ∝ (∆T )n ][18, 39-41, 47, 48] and generalized radiative heat transfer law [ Q ∝ (∆T n ) ] [42-46] ,
Q ∝ (∆T n ) m in the heat transfer processes between the working fluid and the heat reservoirs of the heat

engine. And they further obtained the optimal ecological performance of an endoreversible heat engine
based on this heat transfer law [52]. Chen et al. [53, 54] investigated the finite time ecological optimal
performance for endoreversible [53] and irreversible [54] Carnot heat engines by using linear
phenomenological heat transfer law Q ∝ (∆T −1 ) . Sogut et al.[55] studied the optimal ecological
performance of a solar driven heat engine. Zhu et al. [56, 57] obtained the optimal ecological
performance for irreversible Carnot heat engine by using generalized convective heat transfer law
Q ∝ (∆T )m [56] and generalized radiative heat transfer law Q ∝ (∆T n ) [57].
One of aims of finite time thermodynamics is to pursue generalized rules and results. In this paper, on the
basis of Ref. [51], the optimal ecological performance of a generalized irreversible Carnot heat engine
with the losses of heat resistance, heat leakage and internal irreversibility, in which the heat transfer
between the working fluid and the heat reservoirs obeys a complex heat transfer law Q ∝ (∆T n ) m , is
derived by taking an ecological optimization criterion as the objective. The effects of heat transfer laws
and various loss terms are analyzed.
2. Generalized irreversible Carnot engine model
The generalized irreversible Carnot engine and its surroundings to be considered in this paper are shown
in Figure 1. The following assumptions are made for this model [17, 31-33, 46, 47, 51, 54, 56, 57]:
(1) The working fluid flows through the system in a quasistatic-state fashion. The cycle consists of two
isothermal processes and two adiabatic processes. All four processes are irreversible.
(2) There exist external irreversibilities due to heat transfer in the high- and low-temperature heat
exchangers between the heat engine and its surrounding heat reservoirs. The working fluid temperatures
( THC and TLC ) are different from the reservoir temperatures ( TH and TL ). These temperatures satisfy the
following inequality: TH > THC > TLC > TL . The heat-transfer surface areas ( F1 and F2 ) of high- and lowtemperature heat exchangers are finite. The total heat transfer surface area ( F ) of the two heat
exchangers is assumed to be a constant: F = F1 + F2 .
(3) There exists a constant rate of bypass heat leakage ( q ) from the heat source to the heat sink. Thus
QH = QHC + q and QL = QLC + q , where QHC is the rate of heat flow from heat source to working fluid
due to the deriving force of TH − THC , QLC is the rate of heat flow from working fluid to the heat sink due
to the deriving force of TLC − TL , QH is rate of heat transfer supplied by the heat source, and QL is rate of
heat transfer released to the heat sink.
(4) There are irreversibilities in the system due to: (a) the heat resistance between the working fluid and
the heat reservoirs, (b) the heat leakage between the heat reservoirs and (c) miscellaneous factors such as
friction, turbulence and non-equilibrium activities inside the heat engine. Thus, the power output
produced by the generalized irreversible Carnot engine is less than that of the endoreversible Carnot
engine with the same heat input. In other words, the rate of heat flow ( QLC ) from cold working fluid to
the heat sink for the generalized irreversible Carnot engine is larger than that for the endoreversible
Carnot engine. A constant coefficient Φ is introduced, in the following expression, to characterize the
'
'
additional internal miscellaneous irreversibility effects: Φ = QLC QLC
≥ 1 , where QLC
is the rate of heat
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flow from the cold working fluid to the heat sink for the Carnot engine with the only loss of heat
resistance.
The model described above is a more general one than the endoreversible Carnot heat engine model. If
q = 0 and Φ = 1 , the model is reduced to the endoreversible Carnot engine [23-33, 36-40, 50, 53]. If
q = 0 and Φ > 1 , the model is reduced to the irreversible Carnot engine with heat resistance and internal
irreversibilities [58]. If q > 0 and Φ = 1 , the model is reduced to the irreversible Carnot engine with heat
resistance and heat leakage losses [59, 60].

Figure 1. The model of a generalized irreversible Carnot heat engine
3. Generalized optimal characteristics
The second law of thermodynamics requires that QLC QHC = ΦTLC THC . The first law of thermodynamics
gives that the power output ( P ) of the engine is P = QH − QL = QHC − QLC , and the efficiency ( η ) of the
engine is η = P QH = P (QHC + q) .
Consider that the heat transfers between the engine and its surroundings follow the complex law
Q ∝ (∆T n ) m . Then
n m
n
QHC = α F1 (THn − THC
) , QLC = β F2 (TLC
− TLn )m

(1)

where α is the overall heat transfer coefficient and F1 is the heat-transfer surface area of the hightemperature-side heat exchanger , β is the overall heat transfer coefficient and F2 is the heat-transfer
surface area of the low-temperature-side heat exchanger.
Defining the heat transfer surface area ratio ( f ) and the working fluid temperature ratio ( x ) as follows:
f = F1 F2 , x = THC TLC , where 1 ≤ x ≤ TH TL . Then one can obtain
P=

α Ff (THn x − n − TLn ) m ( x − Φ )
x(1 + f )[ x − n + (Φrfx −1 )1 m ]m

(2)
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xα Ff (T x
n
H

α Ff (THn x − n − TLn ) m ( x − Φ )
−n

− TLn ) m + qx(1 + f )[ x − n + (Φrfx −1 )1 m ]m

(3)

where r = α β . Thus the entropy generation rate of the engine is as following

σ=

α fF (THn x − n − TLn ) m
(1 + f )[ x

−n

−1 1 m m

+ (Φrfx ) ]

(

Φ
1
1
1
− ) + q( − )
TL x TH
TL TH

(4)

Substituting equations (2) and (4) into ecological function E = P − T0σ yields
E=

α fF (THn x − n − TLn ) m
(1 + f )[ x

−n

−1 1 m m

+ (Φrfx ) ]

[(1 +

T0
T
Φ
1
1
) − (1 + 0 )] − qT0 ( − )
TH
x
TL
TL TH

(5)

Equations (2)-(5) indicate that power output ( P ), efficiency ( η ), entropy generation rate( σ ) and
ecological function ( E ) of the generalized irreversible Carnot heat engine are functions of the heat
transfer surface area ratio ( f ) for given TH , TL , T0 , α , β , n , m , Φ and x . Taking the derivatives of
P , η , σ and E with respect to f and setting them equal to zero yields the same optimum surface area
ratio

f a = ( x1− nm Φr )1 ( m +1)

(6)

The corresponding optimal power, optimal efficiency, optimal entropy generation rate and optimal
ecological function are as follows:
P=

η=

σ=

E=

α F (1 − Φ x)(THn − TLn x n )m
[1 + (Φr )1 ( m +1) x ( nm −1) (1+ m ) ]m +1

(7)

α F (1 − Φ x)(THn − x nTLn ) m

α F (THn − TLn x n ) m + q[1 + (Φr )1 ( m +1) x ( nm −1) (1+ m ) ]m +1
α F (THn − TLn x n ) m
[1 + (Φrx

nm −1 1 ( m +1) m +1

)

]

α F (THn − TLn x n ) m
[1 + (Φrx

nm −1 1 ( m +1) m +1

)

]

(

Φ
1
1
1
− ) + q( − )
TL x TH
TL TH

[(1 +

T0
T
Φ
1
1
) − (1 + 0 )] − qT0 ( − )
TH
x
TL
TL TH

(8)
(9)

(10)

Equations (9) and (10) are the major results of this paper. At the maximum ecological function condition
( Emax ), the corresponding efficiency, power output and entropy generation rate are η E , PE and σ E . At
maximum power output condition ( Pmax ), the corresponding efficiency, ecological function and entropy
generation rate are η P , EP and σ P . Because of the complexity of equations (7)-(10), it is difficult to
obtain the analytical expressions of η E , η P , Pmax , PE , Emax , EP , σ E and σ P , they can be obtained by
numerical calculations.
4. Discussions
4.1 Effect of different losses on the optimal characteristics
(1). If there is no bypass heat leakage in the cycle (i.e., q = 0 ), Equations (7)-(10) become
P=

α F (1 − Φ x)(THn − TLn x n )m
[1 + (Φr )1 ( m +1) x ( nm −1) (1+ m ) ]m +1

(11)
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(12)

α F (THn − TLn x n )m
1
Φ
(
− )
nm −1 1 ( m +1) m +1
TL x TH
[1 + (Φrx )
]
α F (THn − TLn x n ) m
[1 + (Φrx

nm −1 1 ( m +1) m +1

)

]

[(1 +

T0
T
Φ
) − (1 + 0 )]
TH
x
TL

(13)

(14)

The power output ( P ), ecological function ( E ) versus efficiency ( η ) curves are parabolic-like ones, and
the entropy generation rate ( σ ) decreases with the increase of efficiency ( η ).
(2). If there are only heat resistance and by pass heat leakage in the cycle (i.e., Φ = 1 ), Equations (7) -(10)
become
P=

η=

σ=

E=

α F (1 − 1 x)(THn − TLn x n )m
[1 + r1 ( m +1) x ( nm −1) (1+ m ) ]m +1
α F (1 − 1 x)(THn − x nTLn ) m

1 (1+ m ) m +1
α F (THn − TLn x n ) m + q[1 + (rx nm −1）
]

α F (THn − TLn x n )m
[1 + (rx

nm −1 1 ( m +1) m +1

)

]

(

1
1
1
1
− ) + q( − )
TL x TH
TL TH

T
T
α F (THn − TLn x n )m
1
1
1
[(1 + 0 ) − (1 + 0 )] − qT0 ( − )
nm −1 1 ( m +1) m +1
TH
x
TL
TL TH
[1 + (rx )
]

(15)

(16)

(17)

(18)

The power output ( P ) and ecological function ( E ) versus efficiency ( η ) curves are loop-shaped ones,
and the entropy generation rate ( σ ) versus efficiency ( η ) curve is a parabolic-like one.
(3). If the engine is an endoreversible one (i.e., Φ = 1, q = 0 ), Equations (7)-(10) become
P=

α F (1 − 1 x)(THn − TLn x n )m
[1 + r1 ( m +1) x ( nm −1) (1+ m ) ]m +1

η = 1−1 x
σ=

(20)

α F (THn − TLn x n )m
[1 + (rx

(19)

nm −1 1 ( m +1) m +1

)

]

(

1
1
− )
TL x TH

(21)

The power output ( P ) and ecological function ( E ) versus efficiency ( η ) curves are parabolic-like ones,
and the entropy generation rate ( σ ) is a monotonically decreasing function of efficiency ( η ).
4.2 Effects of heat transfer law on the optimal characteristics
(1) Equations (7)-(10) can be written as follows when m = 1
P=

α F (1 − Φ x)(THn − TLn x n )
[1 + (Φr )1 2 x ( n −1) 2 ]2

(22)

η=

α F (1 − Φ x)(THn − x nTLn )
α F (T − TLn x n ) + q[1 + (Φr )1 2 x ( n −1) 2 ]2

(23)

n
H
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σ=

α F (THn − TLn x n ) Φ
1
1
1
− ) + q( − )
(
n −1 1 2 2
TL TH
[1 + (Φrx ) ] TL x TH

(24)

E=

T
T
α F (THn − TLn x n )
1
1
Φ
[(1 + 0 ) − (1 + 0 )] − qT0 ( − )
n −1 1 2 2
TH
x
TL
TL TH
[1 + (Φrx ) ]

(25)

They are the same results as those obtained in Ref. [57]. If n = 1 , they are the results of irreversible
Carnot heat engine with Newtownian heat transfer law [22, 33, 56, 57]. If n = −1 , they are the results of
irreversible Carnot heat engine with linear phenomenological heat transfer law [54, 57]. If n = 4 , they are
the results of irreversible Carnot heat engine with radiative heat transfer law [55, 57].
(2) Equations (7)-(10) can be written as follows when n = 1
P=

η=

σ=

E=

α F (1 − Φ x)(TH − TL x) m

(26)

[1 + (Φr )1 ( m +1) x ( m −1) (1+ m ) ]m +1

α F (1 − Φ x)(TH − xTL )m

(27)

α F (TH − TL x) m + q[1 + (Φr )1 ( m +1) x ( m −1) (1+ m ) ]m +1
α F (TH − TL x) m
[1 + (Φrx

m −1 1 ( m +1) m +1

)

]

α F (TH − TL x)m
[1 + (Φrx

m −1 1 ( m +1) m +1

)

]

(

Φ
1
1
1
− ) + q( − )
TL x TH
TL TH

[(1 +

(28)

T0
T
Φ
1
1
) − (1 + 0 )] − qT0 ( − )
TH
x
TL
TL TH

(29)

They are the same results as those obtained in Ref.[56]. If m = 1 , they are the results of irreversible
Carnot heat engine with Newtownian heat transfer law [22, 33, 56, 57]. If m = 1.25 , they are the results
of irreversible Carnot heat engine [56] with Dulong-Petit heat transfer law [61].
5. Numerical example
To show the ecological function, power output and the entropy generation rate versus the efficiency
characteristics of the irreversible Carnot heat engine with the complex heat transfer law, one numerical
mn
example is provided. In the numerical calculations, TH = 1000 K , TL = 400 K , T0 = 300 K , α F = 4W K ,
Φ = 1.0 and 1.2, α = β ( r = 1 ), q = Ci (THn − TLn ) m and Ci = 0.00W K and 0.02W K are set, where Ci
is the heat conductance of the heat leakage.
Figure 2 shows the relations between ecological function, power output, entropy generation rate and the
efficiency of the irreversible Carnot heat engine with n = 4 and m = 1.25 . This case means the heat
transfer obeys inner radiative and outer Dulong and Petit laws. The dimensionless ecological function
and power output are defined as ratios of the ecological function and power output of the heat engine to
the maximum ecological function and the maximum power output, respectively. The dimensionless
entropy generation rate is defined as a ratio of the entropy generation rate of the heat engine to the
minimum entropy generation rate when η = 0 . It can be seen that the characteristic curve of the power
output versus the efficiency is similar to that of the ecological function versus the efficiency. But the
efficiency ( η P ) at the maximum power output is smaller than that ( η E ) at the maximum E objective,
and the entropy generation rate versus efficiency curve is the parabolic shaped one. The entropy
generation rate ( σ E ) at maximum ecological function is lower greatly than that ( σ P ) at maximum power
mn

mn

output of the upper point. The ecological function ( EP ) at maximum power output does not exist. The
results of this case show that η E η P = 1.5151 , the upper points PE Pmax = 0.6543 , σ E σ P = 0.3229 and the
lower points PE Pmax = 0.4154 , σ E σ P = 1.5131 . It can be seen that the engine should operate at the
upper point and the optimization of the ecological function makes the entropy generation rate of the cycle
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decrease greatly and the thermal efficiency increase significantly with some decrease of the power
output.

Figure 2. Ecological function, power output and the entropy generation rate versus efficiency
relationships for m = 1.25 and n = 4
The effects of heat-leakage and internal irreversibility on the relations between power output, ecological
function, entropy generation rate and efficiency are shown in Figures 3-5, respectively. In Figures 3-5,
n = 4 and m = 1.25 are set. From Figures 3-5, it can be seen that the bypass heat-leakage change the
power output, ecological function and entropy generation rate versus efficiency relations qualitatively.
The characteristics of power output and ecological function versus efficiency are become the loopshaped curves from the parabolic shaped ones if the engine suffers a heat leakage loss. The characteristic
of entropy generation rate versus efficiency is become the parabolic shaped curve from the decreasing
shaped one if the engine suffers a heat leakage loss. The internal irreversibility change the power output,
ecological function and entropy generation rate versus efficiency relationships quantitatively. The
maximum-power output, maximum-ecological function value, the minimum-entropy generation rate and
the corresponding efficiencies with internal irreversibility are smaller than those without internal
irreversibility.

Figure 3.The effects of heat-leakage and internal irreversibility on relation between power output and
efficiency
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Figure 4.The effects of heat-leakage and internal irreversibility on relation between ecological function
and efficiency

Figure 5.The effects of heat-leakage and internal irreversibility on relation between entropy generation
rate and efficiency
The effects of heat transfer laws on relations between power output, ecological function, entropy
generation rate and efficiency are shown in Figures 6-8, respectively. In Figures 6-8, Φ = 1.2 and
mn
Ci = 0.02W K are set. From Figures 6-8, it can be seen that heat transfer law changes the power
output, ecological function and entropy generation rate versus efficiency relations quantitatively.
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Figure 6. The effects of heat transfer laws on relation between power output and efficiency

Figure 7. The effects of heat transfer laws on relation between ecological function and efficiency

Figure 8.The effects of heat transfer laws on relation between entropy generation rate and efficiency
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6. Conclusion
The optimal ecological performance of a generalized irreversible Carnot heat engine with the losses of
heat-resistance, heat leakage and internal irreversibility, in which the heat transfer between the working
fluid and the heat reservoirs obeys a complex heat transfer law Q ∝ (∆T n ) m , is derived by taking into
account an ecological optimization criterion as the objective, which consists of maximizing a function
representing the best compromise between the power output and entropy production rate of the heat
engine. The effects of heat-leakage, internal irreversibility and heat transfer law on relations between
power output, ecological function, entropy generation rate and efficiency are obtained. The results
include those obtained in many literatures , such as the optimal ecological performance of endoreversible
Carnot heat engine with different heat transfer laws ( m ≠ 0 , n ≠ 0 , q = 0 , Φ = 1 ), the optimal ecological
performance of the Carnot heat engine with heat resistance and internal irreversibility
( m ≠ 0, n ≠ 0, q = 0, Φ > 1 ), the optimal ecological performance of the Carnot heat engine with heat
resistance and heat leakage ( m ≠ 0, n ≠ 0, q > 0, Φ = 1 ), and optimal ecological performance of the
irreversible Carnot heat engine ( q > 0, Φ > 1 ) with generalized heat transfer laws Q ∝ (∆T n ) ( m = 1, n ≠ 0 )
and Q ∝ (∆T ) m ( n = 1, m ≠ 0 ). They can provide some theoretical guidelines for the design of practical
heat engines.
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