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Abstract

This paper theoretically investigates the combined natural convection and mass transfer effects on
unsteady flow of a viscous incompressible fluid past an infinite vertical porous plate embedded in a
porous medium with heat source. The governing equations of the flow field are solved analytically for
velocity, temperature, concentration distribution, skin friction and the rate of heat transfer using multi
parameter perturbation technique and the effects of the flow parameters such as permeability parameter
Ky, Grashof number for heat and mass transfer G,, G, heat source parameter S, Schmidt number S,
Prandtl number P, etc. on the flow field are analyzed and discussed with the help of figures and tables.
The permeability parameter K, is reported to accelerate the transient velocity of the flow field at all
points for small values of K, (<1) and for higher values the effect reverses. The effect of increasing
Grashof numbers for heat and mass transfer or heat source parameter is to enhance the transient velocity
of the flow field at all points while a growing Schmidt number retards its effect at all points. A growing
permeability parameter or heat source parameter increases the transient temperature of the flow field at
all points, while a growing Prandtl number shows reverse effect. The effect of increasing Schmidt
number is to decrease the concentration boundary layer thickness of the flow field at all points. Further, a
growing permeability parameter enhances the skin friction at the wall and a growing Prandtl number
shows reverse effect. The effect of increasing Prandtl number or permeability parameter leads to increase
the magnitude of the rate of heat transfer at the wall.
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1. Introduction

The phenomenon of natural convection unsteady flow with mass transfer in a viscous incompressible
fluid past a porous plate embedded in a porous medium has attracted the attention of a good number of
researchers because of its varied applications in many engineering problems such as plasma studies,
nuclear reactors, oil exploration, geothermal energy extractions and in the boundary layer control in the
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field of aerodynamics. Heat transfer in laminar flow is important in problems dealing with chemical
reactions and in dissociating fluids.

Several investigators reported such flows under various physical situations. Gersten and Gross [1]
analyzed the flow and heat transfer along a plane wall with periodic suction. Yamamoto and lwamura [2]
discussed the flow with convective acceleration through a porous medium. Raptis and Kafousias [3]
investigated the problem of heat transfer in flow through a porous medium bounded by an infinite
vertical plate under the action of a magnetic field. Raptis and Singh [4] studied the MHD free convection
flow past an accelerated

vertical plate. Raptis [5] explained the flow through a porous medium in the presence of a magnetic field.
Mansutti et al. [6] analyzed the steady flows of non-Newtonian fluids past a porous plate with suction or
injection. Sattar [7] reported the free convection and mass transfer flow through a porous medium past an
infinite vertical porous plate with time dependant temperature and concentration. Takhar and Ram [8]
discussed the magnetohydrodynamic free convection flow of water at 4°C through a porous medium.
Acharya et al. [9] estimated the effect of heat and mass transfer over an accelerating surface with heat
source in presence of suction and blowing.

Kim [10] analyzed the unsteady MHD convective heat transfer past a semi-infinite vertical porous
moving plate with variable suction. Sharma and Pareek [11] discussed the steady free convection MHD
flow past a vertical porous moving surface. Gokhale and Alsamman [12] estimated the effects of mass
transfer on the transient free convection flow of a dissipative fluid along a semi-infinite vertical plate with
constant heat flux. Makinde and his team [13] discussed the unsteady free convection flow with suction on
an accelerating porous plate. Singh et al. [14] explained the MHD free convection transient flow through
a porous medium in a vertical channel. Das and his associates [15] numerically solved the mass transfer
effects on unsteady flow past an accelerated vertical porous plate with suction. Ogulu and Prakash [16]
investigated the problem of heat transfer to unsteady magneto-hydrodynamic flow past an infinite
vertical moving plate with variable suction. Mbeledogu et al. [17] reported the unsteady MHD free
convective flow of a compressible fluid past a moving vertical plate in the presence of radiative heat
transfer. Recently, Das and his co-workers [18] estimated the effect of mass transfer on MHD flow and
heat transfer past a vertical porous plate through a porous medium under oscillatory suction and heat
source.

The work reported herein estimates the effect of natural convection and mass transfer on unsteady flow
of a viscous incompressible fluid past an infinite vertical porous plate embedded in a porous medium
with heat source. Approximate solutions are obtained analytically for velocity, temperature,
concentration distribution, skin friction and the rate of heat transfer using multi parameter perturbation
technique and the effects of the flow parameters on the flow field are analyzed with the help of figures
and tables.

2. Formulation of the problem

We consider the unsteady natural convection mass transfer flow of a viscous incompressible fluid past an
infinite vertical porous plate in presence of constant suction and heat source. The x’-axis is taken in
vertically upward direction along the plate and y’-axis is chosen normal to it. Neglecting the Joulean heat
dissipation and applying Boussinesq’s approximation the governing equations of the flow field are given
by:

Continuity equation:

ov’ L
GL' =0 =v =-v, (Constant), (1)
y

Momentum equation:

ou', ou d%u’

—+
ot’ oy’ ay’z

+gp(T'=T,)+gp"(C'-CL)-—mu, @

Energy equation:
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Concentration equation:

' ' 2~
oC +V,6C -D 0°C . @)
ot' oy’ ay’z

The boundary conditions of the problem are:

u'=0,v =-vy,T' =T, +&(T, -T. ", c'=cl +¢(C|, -C. " at y'=0,
u'—0,T'>T.,,C'>CLasy — . 5)

Introducing the following non-dimensional variables and parameters,

"2 ’ ’ 2171 2 ’
! ! C C
y= yVO t_tVO ’a):4vg‘) lu:u_v‘/:ﬂ_oiK :VOK ,T T T ’C f’Pr :K’
v 4y A Vo P P2 T, -T/, C,—-C. k
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where g, p, v, B, B, @, 1o, kK, T', Ty, T",, C*, C'y, C’, C,, D, Py, S¢, Gy, G, S, K and Ec are respectively
the acceleration due to gravity, density, coefficient of kinematic viscosity, volumetric coefficient of
expansion for heat transfer, volumetric coefficient of expansion for mass transfer, angular frequency,
coefficient of viscosity, thermal diffusivity, temperature, temperature at the plate, temperature at infinity,
concentration, concentration at the plate, concentration at infinity, specific heat at constant pressure,
molecular mass diffusivity, Prandtl number, Schmidt number, Grashof number for heat transfer, Grashof
number for mass transfer, heat source parameter, permeability parameter and Eckert number.

Substituting equation (6) in equations (2), (3) and (4) under boundary conditions (5), we get

tou_ou o g1ige- Ly, @)
40t oy ayz Kp
2

lﬂ_ﬁ 1077 1ST E, ou | ®)
4 0t oy Pr 6y2 4 ay

1oc _oc_ 1 o%C o
The corresponding boundary conditions are:

U=0T =1+e'® C=1+2'" aty-o,

u—>0T—>0,C—>0a y—>w. (10)

3. Method of solution
To solve equations (7), (8) and (9), we assume ¢ to be very small and the velocity, temperature and
concentration distribution of the flow field in the neighbourhood of the plate as
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u(y,t)=ug(y)+ee'uy(y), (11)
T(y.t)=To(y)+ee'“'Ty(y), (12)
C(y,t)=Co(y)+ee'*Cy(y). (13)

Substituting equations (11)-(13) in equations (7)-(9) respectively, equating the harmonic and non-
harmonic terms and neglecting the coefficients of %, we get
Zeroth order:

1
U6 +Ub -——Up Z—GrTO _GCCOv (14)
Kp
P.S oug )
T§ +PTg +—=Tg =—P E¢| =2 | | 15
0+Frio+—,~To r C[@y} (15)
C§ +5:.Ch=0. (10
First order:
o 1
uf +uf—| 2L+ = Ju =-G,T, - G.Cy, (17)
4 K,
P ou ou
T+ P T — (i —S)Ty = 2P Eo| =2 | =2 |, 18
1 ri1 4(50 )Tl rc(ay](ay] (18)
Cp+8,C{—1%c ¢ —g . (19)

The corresponding boundary conditions are

y=0:uy=0,Tg=1Cqg=1u; =0,T; =1,C; =1
y > o:Ug=0,Ty=0,Cy=0,u; =0Ty =0,C; =0 (20)

Solving equations (16) and (19) under boundary condition (20), we get

Co= e_Scy1 (21)
Cy = e MY, (22)
Using multi parameter perturbation technique and assuming E.<<1, we take

Up =Ugo +EcUo1, (23)

To =Too + E¢To1. (24)
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up =ugg +Ecui, (25)
Tl = TlO + ECT]_]_. (26)

Now using equations (23)-(26) in equations (14), (15), (17) and (18) and equating the coefficients of like
powers of E. neglecting those of E.%, we get the following set of differential equations:
Zeroth order:

14 [ 1
Uoo+ Yoo~ —loo = —GrToo—GcCo, 27)
P
" ’ 1 i
Ujp +Ujo —| ——+— 10 =G, T1p —G¢Cq, (28)
K P 4
P.S
Tgo +PrTédo +rTT00 =0, (29)
" ’ Pr H
TlO +PrT10 _T(Iw_S)TlO =0. (30)

The corresponding boundary conditions now reduce to,

y:O:uOO :O7TOO :1,U10 :O,Tlo :1;

y = o :Ugg =0,T00 ZO,UlO =0,T10 =0. (31)
First order:
14 ! 1
Ugy +Uo1 — 1 —Yo1 = -G, To1, (32)
p
, , 1 iw
Urg +Ugp _[K_JFT]UM =-G,Ty1, (33)
p
n 14 P S 1
To1 +PrTor +jTT01 =P, (ubo)?, (34)
P ou ou
T + P T, ——(iw—S)Tyy =—2P | =20 | =10 |, 35
11 t Prl11 4( JT11 r( oy j(ay (35)

The corresponding boundary conditions become,

y=0:U01 =O,T01 =0,U11 =0,T11 =O;
y—)Oo:UOJ_:O,TOl:O,Ul]_ =O,T11 =0. (36)

Solving equations (27)-(30) subject to boundary condition (31), we get

ISSN 2076-2895 (Print), ISSN 2076-2909 (Online) ©2012 International Energy & Environment Foundation. All rights reserved.



596 International Journal of Energy and Environment (IJEE), Volume 3, Issue 4, 2012, pp.591-604

Ugg = Ale_m3y + Aze_SCy - A3e_m7y (37)
Too=e Y, (38)
Uig = A4e_m5y + A5e_m1y - A6€_m9y, (39)
T]_o = e_m5y . (40)

Solving equations (32)-(35) subject to boundary condition (36), we get
Toy = A7e*25c)’ + Age*2m3)’ + Age—2m5y + Aloe*(m3+sc)y + Alle*(m7+5c)y + Alze*(m3+m7 Y _ Alseim?)yv (41)

—\m3+m —\my+m —{m3+m —(m5+S —(m1+S
Ty = Agye MMV A e (Mmems)y L a g-(maemo)y | p g-(Ms+Scly | p g-(misSc)y

+ Age morSely L p g (Msrm)y L p g(Mtmrly A g-(M7mely _ p g-M5Y (42)

Upy = Ble—zscy + Bze—2m3y + B3e‘2m7y " B4e—(m3+5c)y i B5e‘(m7+50)y

+Bge (MM g e ™Y g™ (43)
Uy = Bge—(m3+m5 )y + Bloe—(m1+m3)y + Blle—(m3+m9)y + Blze—(m5+5c)y + Bl3e‘(m1+5°)y + Bl4e—(m9+5c)y
+ Blse_(m5+m7)y + Blee—(m1+m7)y + Bl7e‘(m7 +mg )y + Blse—msy _ Blge—mgy ) (44)

Substituting the values of C, and C; from equations (21) and (22) in equation (13) the solution for
concentration distribution of the flow field is given by

C=e ScY 4 gl@-My (45)

3.1 Skin friction
The wall shear stress i.e. the skin friction at the wall 7, is given by

o0
w oy -

=-mgA, —S A, +m; Ay —E_[25.B; +2m,;B, +2m, B, +(mgy +S, )B, +(m; +S; )Bs
+(m3 +my )Bs +m3B; _m7Bs] — e {m5A4 +My As —Mg Ag +Ec[(m3 +m5)89
+(m1 +m3)BlO +(m3 +Mg )Bll +(m5 +Sc)B1z +(m1 +Sc)BlS +(m9 +Sc)Bl4

+(Ms +Mmy )Bys +(My +My )Byg +(M7 +Mg )Byy +MsByg —MgByg i (46)
3.2 Heat flux
The rate of heat transfer i.e. heat flux at the wall in terms of Nusselt number N, is given by
“(3)
Y )yoo

=-m; - E; [2ScA7 +2m3Ag +2mg A —(m3 +3¢ )Alo +(m7 +3¢ )An +(m3 +My )AlZ _mSAlS]
+ee' {_ ms —E; [(ms +Mg )A14 +(m1 +Mm3 )A15 +(m3 + Mg )AlG + (ms +S¢ )A17 +(m1 +3S¢ )A18
+(m9 +3S; )A19 + (m5 +my; )Azo +(m1 +my; )A21 + (m7 +Mg )Azz —M5 Agg ]} ' (47)

where
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m, = is + SZ+Ia)S } m, == [ S. ++4/SZ +ias } m3:%[Pr+,/Pf—SP,]
1 1
m, = 2[ P. +PZ—SP, } M _Z[P +JPZ_p (S—lw)] M, =%[—Pr+w/P,2—P,(S—iw)],

1 / 4 1 [ 4 1 1 i 1 1 iw
= 1+ 1+_ 1 =—| — 1 =— _ l =—| — —_— ]
m; 2{ Kp} mg 2{ 1+ [1+ KJ mg 2{1+ 1+4[Kp+ 2 Mg 5 1+ [1+4 Kp+ 2

G G G
A = ' A, = c A=A +A,, A= r ,
(m7 — Mg )(m8 + m3) (m; =S¢ Xmg +S.) (mg —mg kmyp +ms)
G P.S2A2 —P,myA?
A5: C ,A6 :A4+A5,A7: rYc ™2 , Ag = r''3M ,
(mg _ml)(mlo +m1) (m3 —ZSC)(m4 +23c) (m4 +2m3)
A P.mZA2 _ 2AAMP, - 2P.S_ A, A;m,
P (mg—2my Nmy +2m; )" (mgamy+8) T (my—my =S Nmy +my +S,)
2P, A,A,m 2P A, A
Ap=——""1"2"3 A=A +A+A +AQ+A L +AL, Ay =—— T 1E
12 (m3 Tm, +m7) 13 =R +Ag+Ag+A Y+ AL+ AL, Ay (m3 e +m6)
2P AjAsm;m, 2P, Aj Agmymg 2P Ay Aymg
Ajs =  Pgg = VA =T/,
(mS_mS_ml)(m6+m3+ml) (mg—m5+m3)(m9+m6+m3) (m6+m5+5c)
2P, S, A, Asm, 2P, S, A, AgMy 2P, Ay A,ms
A18 = vA19 = » M0 = )
(ms_ml_sc)(m6+m1+sc) (mg‘m5+5c)(m9+m6+sc) (m7+m6+m5)
2P, AsAsm;m, 2P, A Agm;mg
Ay = 1Az = ’
(m; —=mg +m, Ym, +mg +m;) (mg +my +mg mg +m, +mg )
G A
A=A+ A + A + A +A5 + Ay + Ay + Ay +A,,, B, = 7 ,
23 14 T A5+ Agg + A7 TAg + Agg + Ay +Agp + A%, By (m7 _ZSC)(mB +25C)
GrA8 _GrAg GrAlo
Bz = ,83: ,B4 = y
(m; —2mj fmg +2m;) my (mg +2m, ) (my —m3 =S¢ Jmg +mj +S)
B. = _GrAll B. = _GrAlZ B, — GrA13
5 — ] 6 — ] 7 ]
Sc(m8+m7+sc) m3(m8+m7+m3) (mS_m7)(m8+m3)
G A
By =B, +B, +B, +B, +B: +B; +B,,B, = r-14 ,
’ R (mg—m5—m3)(m10+m5+m3)
BlO _ GrAls = _GrAle B12 _ GrA17
(mg—mS—ml)(m10+m3+ml) m3(m10+m9+m3) (mg—ms—SC)(m10+m5+Sc)
_ Gr A18 _ _Gr A19 _ Gr AZO
Bis = By = ,Bis = '
(m9_ml_sc)(m10+ml+sc) Sc(m10+m9+sc) (mg—m7—m5)(m10+m7+m5)
BlG _ GrAZl Bl7 _ _GrAZZ B18 _ GrA23
(mg —-my; _ml)(mlo +m; + m1) m; (mlO +Mg + m7) (mg —Mg )(m10 + m5)

4. Results and discussions

The effect of combined natural convection and mass transfer on unsteady flow of a viscous
incompressible fluid past an infinite vertical porous plate embedded in a porous medium with heat source
has been studied. The governing equations of the flow field are solved for velocity, temperature,
concentration distribution, skin friction and the rate of heat transfer employing multi parameter
perturbation technique. The effects of the pertinent parameters on the flow field are analyzed and
discussed with the help of velocity profiles shown in Figures 1-5, temperature profiles shown in Figures
6-7, concentration distribution shown in Figure 8 and Tables 1-2 respectively. During numerical
calculations we choose P, =0.71 representing air at 20°C, S, =0.66 representing O,, G, >0 corresponding
to cooling of the plate and S >0 representing heat source in order to have a realistic approach.
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4.1 Velocity field

The flow parameters play an important role in determining the magnitude of velocity of the flow field.
The flow parameters affecting the velocity flow field are permeability parameter K,, Grashof number for
heat and mass transfer G;, G.. Schmidt number S, and heat source parameter S. Figures 1-5 depict the
effects of these parameters on the velocity of the flow field.

In Figure 1, we present the effect of permeability parameter on the transient velocity of the flow field.
The permeability parameter K, is reported to accelerate the transient velocity at all points for small
values of K (<1) and for higher values the effect reverses. The effects of Grashof numbers for heat and
mass transfer G, G.. on the transient velocity of the flow field have been shown in Figures 2 and 3
respectively. Both the parameters are found to enhance the transient velocity of the flow field at all points
due to the action of free convection current and the presence of foreign mass respectively in the flow
field. Figure 4 depicts the effect of heat source parameter on the velocity of the flow field. A growing
heat source parameter is found to enhance the velocity of the flow field at all points. In Figure 5, we
discuss the effect of Schmidt number S; on the transient velocity of the flow field. A growing S, is found
to decelerate the transient velocity of the flow field at all points due to the injection of heavier diffusive
species into the flow field.

4.2 Temperature field

Figures 6-8 elucidate the temperature profiles of the flow field with the variation of the flow parameters
in the flow field such as permeability parameter K, Prandtl number P, and heat source parameter S. In
Figure 6, we discuss the effect of permeability parameter on the temperature field. A growing
permeability parameter is found to increase the temperature of the flow field at all points. The effect of
Prandtl number on the temperature field is shown in Figure 7. Comparing the curves of the said figure
one may note that the transient temperature decreases at all points of the flow field with an increase in
the values of Prandtl number P,. Figure 8 presents the effect of heat source parameter on the temperature
field. A growing heat source parameter is observed to enhance the temperature of the flow field at all
points.

4.3 Concentration field

The Schmidt number S, plays a dominant role in determining the concentration boundary layer thickness
of the flow field. These variations are shown in Figure 9. Analyzing the curves of the figure, it is seen
that a growing Schmidt number decreases the concentration boundary layer thickness of the flow field at
all points.

Figure 1. Transient velocity against y for different values of K, with G,=2, G.=2, E;=0.002, S=0.1,
S.=0.66, P,=0.71, »=5.0, &=0.2, at=n/2
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4.8

Figure 2. Transient velocity against y for different values of G, with G.=2, K,=1, S=0.1, S.=0.66,
P,=0.71, E.=0.002, «=5.0, &=0.2, wt=n/2

Figure 3. Transient velocity against y for different values of G, with G,=2, K,=1, $=0.1, S.=0.66,
P,=0.71, E;=0.002, «=5.0, &=0.2, wt=n/2

4.4 Skin friction

The variations in the values of skin friction at the wall against the permeability parameter K, for different
values of heat source parameter S are entered in Table 1. It is observed that a growing permeability
parameter enhances the skin friction at the wall, while a growing Prandtl number reverses the effect.

4.5 Rate of heat transfer

The variations in the heat flux i.e. the rate of heat transfer at the wall for different values of Prandtl
number P, and permeability parameter K, are entered in Table 2. From the table we observe that a
growing Prandtl number or permeability parameter enhances the magnitude of the rate of heat transfer at
the wall.
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4.8

Figure 4. Transient velocity against y for different values of S with G,=2, G.=2, K,=1, S;=0.66, P,=0.71,
E.=0.002, &=5.0, &=0.2, at=n/2

Figure 5. Transient velocity against y for different values of S with G,=2, G.=2, K,=1, $=0.1, P,=0.71,
E.=0.002, &=5.0, &=0.2, at=n/2
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Figure 6. Transient temperature against y for different values of K, with G,=2, S=0.1, P,=0.71, G.=2,

Sc=0.66, E.=0.002, &=5.0, £&=0.2, at=n/2
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0 0.4

0.8

y

1.2
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Figure 7. Transient temperature against y for different values of P, with G,=2, G.=2, K,=1, S=0.1, Sc=

0.66, Ec=0.002, @=5.0, &=0.2, wt=n/2
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0.2 —>—5=-0.1

0 T T T T

0 0.4 0.8 1.2 1.6 2
y

Figure 8. Transient temperature against y for different values of S with G,=2, G.=2, K, =1, P,=0.71, S.=
0.66, E;=0.002, «=5.0, &=0.2, ot=n/2

12
——5.=0.3

Figure 9. Concentration distribution against y for different values of S, with @=5.0, £=0.2, wt=n/2

Table 1. Variation in the value of skin friction 7 at the wall against P, for different values of K, with
G, =2, G, =2, 5=0.1, S.=0.66, E;=0.002, &=5.0, &=0.2, wt=n/2

S 071 Pl P=7 P,=9
01 549361 516386  3.52134  3.20586
05  8.84566 8.09659  5.11587  4.87769
10 11.53014 10.32638 6.12064  5.74037
20 11.58724 10.46573 6.17686  5.7778
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Table 2. Variation in the value of heat flux N at the wall against P, for different values of K, with
G, =2, G. =2, S=0.1, S.=0.66, E;=0.002, @=5.0, &=0.2, wt=n/2

K Ny
P P=0.71 P=1 P=7 P=9
0.1 -0.21273 -0.36874 -5.22845 -6.63074
0.5 0.24534 0.61752 -6.47356 -7.96538
10 1.61793  5.86762 -9.04647 -10.6853
20 1.64671 594199 -9.36456 -10.9487

5. Conclusion
We present here some of the results of physical interest on the velocity, temperature, concentration
distribution and also on the wall shear stress and the rate of heat transfer at the wall.

1. A growing permeability parameter K, accelerates the transient velocity at all points for small values
of K (1) and for higher values the effect reverses.

2. The effect of increasing Grashof numbers for heat and mass transfer or heat source parameter is to
enhance the transient velocity of the flow field at all points, while a growing Schmidt number retards
its effect at all points.

3. A growing permeability parameter or heat source parameter increases transient temperature of the
flow field at all points, while a growing Prandtl number P, reverses the effect

4. The effect of increasing Schmidt number is to decrease the concentration boundary layer thickness of
the flow field at all points.

5. A growing permeability parameter enhances the skin friction at the wall, while a growing Prandtl
number shows reverse effect.

6. The effect of increasing Prandtl number or permeability parameter leads to increase the magnitude of
the rate of heat transfer at the wall.
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