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Abstract 
In this work a mathematical model to study the performance of an irreversible refrigerator has been 
presented with the consideration of heat exchange by combined convection and radiation. The external 
irreversibility effects due to finite rate heat transfer as well as the effects of internal dissipations have 
been considered in the analysis. The relation between the cooling load and the coefficient of performance 
of the refrigerator has been derived. Furthermore an expression for the maximum cooling rate has been 
derived. The parameters that affect the cooling load have been investigated. The cooling load has been 
discussed and the effect of internal irreversibility has been investigated. 
Copyright © 2013 International Energy and Environment Foundation - All rights reserved. 
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1. Introduction 
It is practical to design a heat engine or a refrigerator that operates at finite speed in order to produce 
power or provide cooling. The reversible performance limits of a heat engine to produce power and a 
refrigerator to provide cooling are not reached in reality and these limits have been considered as the 
upper performance limits of the real heat engines and refrigerators. The search for more realistic limits 
was the key to introduce the finite-time thermodynamics which was presented by Curzon and Ahlborn 
[1]. The heat engine studied in [1] produces not only work but also power and its efficiency 
(endoreversible efficiency) is less than the reversible Carnot efficiency. Finite-time thermodynamics has 
been used as efficient tool to analyze the performance of irreversible magnetohydrodynamic (MHD) 
power plants [2-4]. The general performance characteristics of a refrigerator which takes into account the 
internal irreversibilitiy as well as the external irreversibility has been investigated [5] by using finite-time 
thermodynamics and nonlinear heat transfer law. Finite-time thermodynamics has been applied to study 
the irreversible heat engines with temperature dependent heat capacities of a working fluid [6], to obtain 
the optimal expansion of a heated working fluid with convective radiative heat transfer [7] and to 
investigate the effects of variable specific heat ratio of working fluid on the performance of an 
irreversible Diesel cycle [8]. The optimal performance of an endoreversible steady flow refrigerator cycle 
consisting of a constant thermal capacity heating branch, a constant thermal capacity cooling branch and 
two adiabatic branches with heat transfer loss has been analyzed using finite-time thermodynamics [9] in 
which analytical expressions have been derived for the cooling load and coefficient of performance. The 
finite-time exergoeconomic performance of an endoreversible Carnot refrigerator with a complex heat 
transfer law, including generalized convective and generalized radiative heat transfer laws has been 
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investigated [10]. The optimal ecological objective of an endoreversible Carnot refrigerator based on a 
new generalized heat transfer law including generalized convective heat transfer law and generalized 
radiative heat transfer law has been derived [11]. The heating load and coefficient of performance of a 
steady flow endoreversible heat pump cycle have been optimized using the theory of finite-time 
thermodynamics [12]. Fine-time exergoeconomic performance of a Newtonian heat transfer law system 
generalized irreversible combined heat pump with irreversibility of finite-rate heat transfer, heat leakage 
and internal irreversibility has been presented [13]. The performance of an air-standard Miller cycle has 
been analyzed using finite-time thermodynamics [14]. An endoreversible intercooled regenerative 
Brayton cogeneration plant model coupled to constant temperature heat reservoir has been established 
and the performance of the plant has been investigated using finite-time thermodynamics [15]. A 
generalized model of a real refrigerator which takes into account internal irreversibilities due to heat leak, 
friction and turbulence has been presented [16]. The relation between optimal cooling load and 
coefficient of performance has been derived based on a generalized heat transfer law [17] for the same 
internal irreversibilities considered in [16]. Generalized models of an endoreversible Carnot refrigerator 
[18] and irreversible Carnot refrigerator [19] have been developed in order to derive a relationship 
between cooling load and coefficient of performance based on a new generalized heat transfer law 
including generalized convective and generalized radiative heat transfer laws. Recently, a model of an 
irreversible quantum refrigerator with working medium consisting of many non-interacting spin-1/2 
system has been presented [20] in which analytical expressions of cooling load and coefficient of 
performance for the irreversible spin quantum Carnot refrigerator have been derived. More recent works 
on using finite-time thermodynamics as an effective tool to optimize the performance of a chemical 
pump [21], a thermoacoustic cooler [22] and an endorversible Meletis-Georgiou cycle [23] have been 
presented. From all the above mentioned works, it can be realized that finite-time thermodynamics is an 
effective and efficient powerful tool to determine and optimize the performance of heat engines, heat 
pumps and refrigerators. 
The objective of this work is to obtain the cooling load and the maximum cooling load of a refrigerator 
with internal and external irreversibilities working with combined heat transfer including convective and 
radiative heat transfer. 
 
2. Analysis 
The model of an irreversible refrigerator is shown in Figure 1. The cycle operates between the low 
temperature LT  and the high temperature HT . The temperatures of the working fluid exchanging heat 
with the reservoirs at LT  and HT  are 1T  and 2T , respectively. For simplicity, subscripts L, H, C and R 
are used for the parameters related to the sides of low and high temperature reservoirs, for the processes 
of convection and radiation, respectively. The heat LQ absorbed from the low temperature reservoir by 
the working fluid per cycle by the combination of two different heat transfer mechanisms, which are 
Newtonian and radiative heat transfers and given as 
 

RC LLL QQQ +=  (1) 

 
Equation (1) can be written as 
 

( ) ( )[ ] LLLLLLLLL tTTATThAQ
RCC

 4
1

4
1 αεσ −+−=  (2) 

 
where A is the heat transfer area, h  is the convection heat transfer coefficient between the working fluid 
and the reservoir, σ  is Stefan-Boltzmann coefficient, ε  is the emittance coefficient of the heat source, 
α  is the absorption coefficient of the heat source and t is the time of absorbing heat process. The 
emittance will be balanced uniformly by absorption for a thin slice of gas, i.e. αε = . 
The radiation heat transfer coefficient between the low temperature heat source at LT  and the working 
fluid at 1T  can be written as 
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1 TTTTh LLLLR

++= σε  (3) 
 

 
 

Figure 1. Schematic diagram of a refrigerator 
 
In most engineering application the radiation heat transfer coefficient of equation (3) is preferably used 
and it can be obtained from ( ) ( )4

1
4

1 TTATThA LLLLLL RRR
−=− σε . 

The heat HQ  released to the high temperature reservoir by the working fluid per cycle by the combined 
Newtonian and radiative heat transfers is 
 

RC HHH QQQ +=  (4) 

 
Equation (4) can rewritten in the following form as 
 

( ) ( )[ ] HHHHHHHHH tTTATThAQ
RCC

 44
22 αεσ −+−=  (5) 

 
where A is the heat transfer area, h  is the convection heat transfer coefficient between the working fluid 
and the reservoir, and t is the time of releasing heat process. 
The radiation heat transfer coefficient of the hot side is  
 

( )( )2
2

2
2 TTTTh HHHHR

++= σε  (6) 
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Equations (2), (3), (5) and (6), LQ  and HQ  are rearranged as 
 

( )( ) LLLLL thTAQ
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Since the refrigerator is internally irreversible due to the internal dissipation of the working fluid, the 
second law of thermodynamics requires 
 

0
21
<−=

∂
∫ T

Q
T
Q

T
Q HL  (9) 

 
Equation (9) can be written in exact form as 
 

21 T
QR

T
Q HL =  (10) 

 
where R is the irreversibility parameter which accounts of the internal dissipations. 
Equation (10) shows that R is equal to one when the refrigerator is internally reversible less than one 
when the refrigerator is internally irreversible.  
The cooling load of the refrigerator and the coefficient of performance are, respectively 
 

τ
LQ

q =  (11) 

 

R
R

QQ
Q

LH

L
−

=
−

=
γ

β  (12) 

 
whereτ  is the cycle time and it is given by 
 

LH tt +=τ  (13) 
 

With 
β
β+

=
1z , 

H
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A

A =  and
C

C

H

L

h
h

H = , and using equations (10), (11) and (13), the dimensionless 

cooling load ∗q of the irreversible refrigerator is obtained as 
 

( )( )( )( )
( )( ) ( )( )λωλθωδ

θωδλω
+−+−+

−++−
==∗

111
111

AHRzR
RRz

hTA
qq

CLLL
 (14) 

 

The cooling load is maximized by solving 0=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ ∗

z
d
dq
ω

 for a given coefficient of performance and the 

solution of this derivative gives the following optimum parameter as 
 

MRz
M

opt
+
+

=
θω  (15) 

 
From the definition of ω , the optimum temperature 1T  of the working fluid on the cold side is obtained 
as 
 

( ) Lopt T
MRz

MT
+
+

=
θ

1  (16) 
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From the definition of γ  and z, and using equation (12), the optimum temperature of the working fluid 
on the hot side is obtained as   
 

( ) Lopt zTR
MRz

MT  2
+
+

=
θ

 (17) 

 
where 
 

δ
λλ

+
+

=
1
1 zAHM  (18) 

 
Using equations (14) and (15), the optimum cooling load is expressed as 
 

( ) ( )( )( )
( ) ( ) MRzAHMR

MRRzq opt +
⋅

+++
−++

=∗ 1
11

11
λλδ

θδλ
 (19) 

 
The mathematical formulations required that 0 >−θzwR  as a constraint in order to obtain the 
optimum cooling load given by equation (19). 
 
3. Results and discussion 
The dimensionless cooling load of equation (14) is differentiated with respect to the temperature ratio ω  
in order to obtain the optimum temperatures of the working fluid 1T  and 2T . By running the refrigerator 
at the optimum temperature ratio optω , the maximum cooling load of the refrigerator is achieved. The 
results show the relations between the thermal design parameters and are summarized by figures by 
considering different values of these thermal design parameters. Figure 2 shows the variation of the 
refrigerator cooling load with respect to the temperature ratio ω  for different internal irreversibility 
parameter R values. As it is expected, the figure shows that the cooling load is highest when 1=R  at a 
given ω  value, i.e. when refrigerator is internally reversible. In Figure 2, it is also shown that 
when 1=R , the cooling load monotonically decreases as ω  increases but when 1≠R  the cooling load 
increases to reach a maximum value and then decreases as ω  increases. Figure 3 shows the variation of 
the cooling load with the temperature ratio ω  for different values of the coefficient of performanceη . 
Figure 3 shows that there exists a maximum values of cooling load for 5.2=β  and 3=β . For 2=β , 
the cooling load monotonically decreases as ω  increases. The effect of the ratio of high temperature heat 
sink to low temperature heat source θ  on the cooling load is presented in Figure 4. The figure shows that 
when 1.1=θ , there exists a maximum cooling load but when 02.1=θ  and 05.1=θ , there is no 
maximum cooling load and the cooling load decreases as ω  increases. Figure 4 shows that the 
refrigerator has better performance at lowerθ  values for a givenω . 
Figures 5 and 6 show the effects of heat conductance ratio H and heat transfer area ratio A on the cooling 
load, respectively. Both parameters, H and A, have the same effect on the cooling load as can be seen in 
equation (14). In both figures there exists a maximum cooling load. Figures 5 and 6 show that the 
refrigerator has the best performance at low H and A values, in other words, it is more efficient to operate 
the refrigerator at higher heat conductance and higher heat transfer area on the hot working fluid side. 
Figure 7 shows the variation of the cooling load with respect to the temperature ratio ω  for different δ  
(ratio of the radiation heat transfer coefficient to heat conductance on the hot working fluid side) values. 
It is shown in Figure 7 that higher cooling load is achieved at higher δ  values, in other words, if the 
radiation heat transfer coefficient is higher than the heat conductance on the hot working fluid side, the 
cooling load increases. 
Moreover Figure 7 shows that there is a maximum cooling load for all δ  values considered in this study. 
The variation of the cooling load with respect to the temperature ratio ω  for different values of λ  (ratio 
of the radiation heat transfer coefficient to heat conductance on the cold working fluid side). Figure 8 
shows that for 945.0≤ω , a decrease in λ  yields in an increase in the cooling load but for 96.0≥ω , 
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5.0=λ  yields the lowest cooling load at a given ω  value. The parameters used in obtaining the results 
of this study are very close to real refrigerators design parameters available in practice. 
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Figure 2. Variation of cooling load with respect to ω  for different R values ( 5.2=β , 1.1=θ , 1=H , 
1=A , 1=δ , 1=λ ) 
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Figure 3. Variation of cooling load with respect to ω  for different η  values ( 9.0=R , 1.1=θ , 1=H , 
1=A , 1=δ , 1=λ ) 
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Figure 4. Variation of cooling load with respect to ω  for different θ  values ( 9.0=R , 5.2=β , 
1=H , 1=A , 1=δ , 1=λ ) 
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Figure 5. Variation of cooling load with respect to ω  for different H values ( 9.0=R , 5.2=β , 
1.1=θ , 1=A , 1=δ , 1=λ ) 
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Figure 6. Variation of cooling load with respect to ω  for different A values ( 9.0=R , 5.2=β , 
1.1=θ , 1=H , 1=δ , 1=λ ) 
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Figure 7. Variation of cooling load with respect to ω  for different δ  values ( 9.0=R , 5.2=β , 
1.1=θ , 1=H , 1=A , 1=λ ) 
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Figure 8. Variation of cooling load with respect to ω  for different λ  values ( 9.0=R , 5.2=β , 
1.1=θ , 1=H , 1=A , 1=δ ) 

 
 
4. Numerical example 
Consider a real refrigerator that is running between KTL  263= and KTH  3.289= . The refrigerator is 
set to operate at coefficient of performance (COP) 5.2=β . Consider that the refrigerator has the 
following design parameters: 1=A , 1=H , 1=δ  and 1=λ . The internal irreversibility parameter is 
taken 95.0=R . Consider that the thermal conductance of the heat exchanger as KkWhA

CLL / 20= . 

Applying the model equations of this paper yield ( ) KT opt  8.2381 =  and ( ) KT opt  6.3172 =  and 

( ) kWq opt  510≅ . The Carnot COP (coefficient of performance) can be obtained by using 

LH

L
Carnot TT

T
−

=β  as 10=Carnotβ  which is much higher than the real COP ( 5.2=β ). This explains 

why the real industrial refrigerators have lower COP than that of the Carnot refrigerator. 
 
5. Conclusion 
In this study, the effect of combined heat transfer on the performance of an irreversible refrigerator has 
been investigated and the effects of thermal design parameters have been studied. The effects of these 
thermal design parameters have been summarized in figures. Analytical expressions of the cooling load 
and the maximum cooling load have been obtained. It has been shown that the maximum cooling load of 
an irreversible heat transfer has strong dependence on the thermal design parameters beside the 
irreversibilties. It has been shown that the internal irreversibilities should be eliminated and the 
refrigerator should operate at low θ  value in order to improve the cooling performance of the 
refrigerator. Moreover, it has been shown that the refrigerator should operate at low H and A values, and 
at high δ values. The refrigerator should also operate at 1<λ  for 945.0≤ω  and at 1=λ  for 

96.0≥ω . The results of the numerical example show that the irreversible refrigerator give more 
realistic performance characteristics (lower COP) than that of the Carnot refrigerator since the former 
takes into account both the internal as well as the external irreversibilities. It is believed that the present 
study is very efficient and practical for engineers in the field of refrigeration systems design due to 
importance of the analytical expressions obtained in this study and illustrated in the figures.  
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