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Abstract
It is well established that the power generated by a Horizontal-Axis Wind Turbine (HAWT) is a function
of the number of blades B, the tip speed ratio λr (blade tip speed/wind free-stream velocity) and the lift to
drag ratio (CL /CD) of the airfoil sections of the blade. The previous studies have shown that Blade
Element Momentum (BEM) theory is capable of evaluating the steady-state performance of wind
turbines, in particular it can provide a reasonably good estimate of generated power at a given wind
speed. However in more realistic applications, wind turbine operating conditions change from time to
time due to variations in wind velocity and the aerodynamic forces change to new steady-state values
after the wake settles to a new equilibrium whenever changes in operating conditions occur. The goal of
this paper is to modify the quasi-steady BEM theory by including a simple dynamic inflow model to
capture the unsteady behavior of wind turbines on a larger time scale. The output power of the wind
turbines is calculated using the improved BEM method incorporating the inflow model. The
computations are performed for the original NREL Phase II and Phase III turbines and the Risoe turbine
all employing the S809 airfoil section for the turbine blades. It is shown by a simple example that the
improved BEM theory is capable of evaluating the wind turbine performance in practical situations
where operating conditions often vary in time.
Copyright © 2014 International Energy and Environment Foundation - All rights reserved.
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1. Introduction
Because of recent emphasis on carbon free renewable energy, there has been great deal of research
directed towards the design of aerodynamically efficient wind turbines. There are mainly two kinds of
wind turbines: Horizontal-Axis Wind Turbines (HAWT) and Vertical-Axis Wind Turbines (VAWT).
Between them, HAWTs are the most commercially deployed turbines all over the world since they are
able to generate more electricity at a given wind speed, especially in large wind farm applications when
the wind is intermittent [1]. In a previous paper Chen and Agarwal [2] evaluated the effect of different
airfoil sections on HAWT performance using the quasi-steady Blade Element Momentum (BEM) theory.
This study focuses on modifying the quasi-steady BEM theory by including a simplified dynamic inflow
model to capture the unsteady behavior of wind turbines on a larger time scale.
In order to calculate the wind turbine power, a Java-based aerodynamic analysis tool using Blade
Element Momentum Theory has been developed based on Ceyhan’s method [3]. The BEM analysis tool
is validated against the field test data and Ceyhan's BEM results for two wind turbines: NREL (National
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Renewable Energy Laboratory, USA) Phase II and III wind turbines. The NREL Phase II wind turbine
has an untwisted and un-tapered blade while the NREL Phase III wind turbine has a twisted and untapered blade. Validations were performed to show the capabilities of our BEM analysis tool. The
developed BEM tool is accurate and efficient in calculating the wind turbine performance based on
comparisons with the test data.
The basic BEM theory assumes instant equilibrium of the wake when wind conditions change [4].
Therefore, it can be considered as the quasi-steady BEM (BEMqs) theory. However, during operations of
wind turbines in real situations, operating conditions such as wind speed, rotational speed, wind angle
etc. often change depending upon the weather. Thus the wind turbine is not always in quasi-steady state.
The simplified dynamic inflow model developed by Henriksen et al. [4] has been demonstrated to be
capable of capturing the wind turbine performance due to changes in its operating conditions with time.
This paper incorporates this simplified dynamic inflow model into the quasi-steady BEM code (new code
is denoted as BEMinflow) and calculates the power generation of NREL Phase II and Phase III turbines
and Risoe wind turbine described in Reference [3] at the starting stage of their operation when the
rotational speed Ω changes from zero to its fully operational value. For the purpose of comparison, the
wind speed of 12 m/s is chosen for all the three wind turbines; this wind speed is related to the rated
power of Risoe wind turbine and is reasonable to consider in our analysis for NREL Phase II and Phase
III turbines.
The airfoil section used in this study is S-809 [5] for NREL Phase II and Phase III wind turbines, and
NACA 632xx series [6] for the Risoe wind turbine. Their aerodynamic characteristics, including CL and
CD, are collected and expanded to a wider range of angles of attack for BEM calculation. The wind
power calculation results using both BEMqs and BEMinflow are compared for a larger time period which is
three times the one rotational period. It is shown that the simplified dynamic inflow model can
successfully simulate the changes in wind turbine performance due to changes in wind conditions.
2. Brief overview of the blade element momentum (BEM) theory
This study employs Blade Element Momentum Theory for calculation of power output of a HAWT. The
BEM theory models the axial and tangential induction factors by equating the force and torque relations
for a small ring in the turbine plane (modeled as an actuator disk) derived from either the momentum
theory or the blade element theory [7].
2.1 Momentum theory
In the momentum theory, we consider the stream tube surrounding the wind turbine which is modeled as
an actuator disc as shown in Figure 1. Assuming steady, uniform, axisymmetric incompressible, inviscid
flow with a nonrotating wake, the mass conservation in the stream tube gives the following relation:
ρ U 1 A1 = ρ U 2 A d = ρ U 4 A 4

(1)

where Ad is area of the actuator disk.

Figure 1. Actuator disk model of a wind turbine [6]
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Since the actuator disc induces velocity in the stream tube, an axial induction factor a is defined as
U1 -U 2
U1

a =

(2)

Thus, we have
U

2

(3)

= U 1 (1 − a )

(4)

U 4 = U 1 (1 − 2 a )

Applying the Bernoulli equation between points 1, 2 and 3, 4, we can derive the following expression for
pressure difference across the actuator disk:
p 2 - p3 =

1
ρ (U 12 - U 42 )
2

(5)

Thus, the net force normal to the plane on a ring of width dr in the actuator disk can be calculated as:
d N = ( p 2 - p 3 ) d A d = 4 ρ U 12 a (1 - a ) π r d r

(6)

Next, we consider the rotating annular stream tube shown in Figure 2.

Figure 2. Rotating annular stream tube [6]
Defining an angular induction factor a´ as:
a′ =

ω
2Ω

(7)

where ω is the angular velocity of the blade wake and Ω is the angular velocity of the blade, for a small
elemental ring of width dr the torque can be obtained as:
d Q = ρ 2 π r d r U 2ω r 2

(8)

Using equation (7), the torque in equation (8) can be expressed as:
d Q = 4 a ′ (1 - a ) ρ U 1 Ω r 3 π d r

(9)
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2.2 Blade element theory
In the blade element theory, the blade is assumed to be divided into N sections which are called the blade
elements. It is assumed that there is zero aerodynamic interaction between the blade elements and there is
negligible span-wise velocity component on the blade. The forces on the blade element are solely
determined by the lift and drag characteristics of 2D airfoils of the blade element; lift and drag
components are defined perpendicular and parallel to the relative wind speed direction. The total
tangential velocity experienced by the blade element is (1+ a´) Ω r and the axial velocity is (1- a) U∞.
The relative wind velocity at the blade is given by:
W =

U ∞ (1 − a )
sin φ

(10)

The angle between the relative wind velocity and the plane of rotation is given by:
tan φ =

U ∞ (1 - a )
(1 - a )
=
Ω r (1 - a ′) (1 - a ′) λ r

(11)

where λr is the local tip speed ratio. The net force normal to the plane of rotation for each blade element
and the resulting torque on each blade element can be written as:
d N = d L c o s φ + d D s in φ

(12)

d Q = r ( d L s in φ - d D c o s φ )

(13)

where dL and dD are the lift and drag forces on the blade elements respectively. They are defined as:
dL = C L

1
ρ W 2 cdr
2

(14)

dD = C D

1
ρ W 2 cdr
2

(15)

For a multi-bladed wind turbine with B number of blades, one can write:
dN = B

1
ρ W 2 ( C L cos φ + C D sin φ ) cdr
2

(16)

dQ = B

1
ρ W 2 ( C L sin φ − C D cos φ ) crdr
2

(17)

Defining the local solidity as σ ′ = Bc and replacing W in equations (16) and (17) using equation (10),
2π r

equations (16) and (17) become:
dN = σ ′πρ

U ∞2 (1 - a ) 2
( C L cos φ + C D sin φ ) rdr
sin 2 φ

(18)

dQ = σ ′πρ

U ∞2 (1 - a ) 2
(C L sin φ - C D cos φ ) r 2 dr
sin 2 φ

(19)

2.3 Tip loss correction and modified BEM theory
The original BEM theory does not include 3D characteristics of the flow and viscous losses due to
separation and turbulence. Some modifications have been applied to the theory to take into account these
losses. The modified BEM theory includes the tip-loss and Glauert’s corrections [8]. The tip-loss model
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serves to correct the induced velocity resulting from the vortices shed from the blade tips into the wake
on the induced velocity field while the hub-loss model corrects the induced velocity resulting from a
vortex being shed near the hub of the rotor [8]. These losses are calculated by the equations:

Ftip =

⎛
⎛ B R−r
cos −1 ⎜ exp ⎜ −
π
⎝ 2 r sin φ
⎝

Fhub =

⎛
⎛ B r − rhub
cos − 1 ⎜⎜ exp ⎜ −
π
⎝ 2 rhub sin φ
⎝

2

2

⎞⎞
⎟⎟
⎠⎠

(20)

⎞⎞
⎟ ⎟⎟
⎠⎠

(21)

The net tip loss is given by

F = Ftip ∗ Fhub

(22)

The Glauert’s empirical relation with a modification for the tip loss factor is given as:
CT =

8
40
50
)a + (
+ (4 F −
− 4 F )a 2
9
9
9

(23)

where
a=

18 F − 20 − 3 C T (50 − 36 F ) + 12 F (3 F − 4)
36 F − 50

(24)

After considering tip loss and Glauert’s correction, we obtain four equations - (25) and (26) derived from
the momentum theory and (27) and (28) obtained from blade element theory as:

dN = 4 F ρU12 a (1- a)π rdr

(25)

dQ = 4 Fa′(1- a) ρU1Ωr 3π dr

(26)

dN = σ ′πρ

U ∞2 (1- a ) 2
(C L cos φ + C D sin φ ) rdr
sin 2 φ

(27)

dQ = σ ′πρ

U ∞2 (1- a ) 2
(C L sin φ - C D cos φ ) r 2 dr
sin 2 φ

(28)

By equating the force relation (25) and (27) and torque relation (26) and (28), the axial induction factor a
and the angular induction factor a' can be calculated. The process of calculating the induction factors is
an iterative process shown in Figure 3. When the iteration converges, the induction factors can be
determined which are then used to calculate the angles of attacks and thrust for each blade element
separately; this information is then used for the wind turbine performance analysis. The total power from
the rotor is given by:
R

R

rh

rh

P = ∫ dP = ∫ ΩdQ

(29)

3. Simple dynamic inflow model
The BEM Theory discussed in section 2 is the basic quasi steady BEM Theory. It describes the steady
state values of the induction factors and the pressure coefficient CP and the thrust coefficient CT. The
aerodynamic model used in the basic quasi steady BEM Theory assumes instant equilibrium of the wake
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when wind conditions change [4]. Therefore, we denote the axial induction factor a and the angular
induction factor a' as
‘normal’ meaning that

anqs and atqs indicating their quasi-steady nature. In notation anqs , ‘n’ denotes
it is an induction factor of the induced velocity normal to the rotor plane. In

qs
notation at , ‘t’ denotes ‘tangential’ meaning that it is an induction factor of the induced velocity

tangential to the rotor plane. The corresponding induced velocities vn ( r ) and vt ( r ) are assumed to settle
to their stationary values instantly [4], which can be described as follows:

vn (r ) = Vrel anqs (λ ,θ , r )

(30)

vt ( r ) = Vrel atqs (λ ,θ , r )

(31)

where Vrel is the relative wind speed normal to the rotor plane.
A more realistic aerodynamic model is introduced in this section to capture the behavior of the wake
behind an operating wind turbine by including a simple dynamic inflow model. Due to the existence of
the wind turbine wake, the aerodynamic forces always settle to their new steady-state values after the
wake settles to a new equilibrium whenever changes in the operating conditions occur [4]. In the simple
dynamic inflow model due to Henriksen et al. [4], the tangential induced velocity is assumed to be quasisteady given by equation (31). The induced axial or normal wind speed vn ( r ) is however computed by
taking into account the variation in wind velocity with time. Let vn (t ) denote the averaged induced
normal velocity with the temporal dynamics:

τ 1vn + vn = Vrel anqs (λ ,θ )

(32)

where the time constant τ 1 satisfies the equation:

τ1 =

1 1.1R
2 Vrel − 1.3vn

(33)

In equation (33), R is turbine radius.
Solving equation (33) with the initial condition vn (0) = 0 gives the following solution:

vn (t ) =

10Vrel β (t )
13
β (t ) − 1

Vrel anqs (λ ,θ ) −

(34)

where

⎧⎪
⎡ 2t
ln (1.3a nqs ( λ , θ ) ) ⎤ ⎫⎪
qs
⎢
⎥⎬
β (t ) = exp ⎨Vrel (13a n ( λ , θ ) − 10)
+
qs
11
R
V
(13
a
(
λ
,
θ
)
10)
−
⎢
⎥⎦ ⎪⎭
rel
n
⎪⎩
⎣

(35)

Thus, the induced axial (normal) wind speed states vn ( r ) can then be obtained as follows:

vn ( r ) =

anqs ( λ , θ , r )
vn
anqs (λ ,θ )

(36)

where

a nqs ( λ , θ ) =

1
R

∫

R
0

a nqs ( λ , θ , r ) dr 〉 0

(37)
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The above assumptions and the simple inflow model are valid if the dynamic inflow is not very large.
After all the tangential and axial induced wind velocity states are calculated, they are inserted into the
procedure shown in Figure 3 for calculation of the aerodynamic performance of the wind turbine.
Because the tangential induced wind velocity is assumed to be quasi-steady and the normal induced wind
velocity states vn ( r ) also depend on anqs , the calculation of the influence of the inflow model first follows
the basic BEM procedure shown in Figure 3 for calculation of the quasi-steady induction factors. Once
the quasi-steady induction factors are computed, the influence of inflow model is computed using the
procedure outlined in Figure 4. Figures 3 and 4 together form the complete procedure for the assessment
of wind turbine performance using the BEM theory with simple dynamic inflow model.

Figure 3. Iterative procedure for quasi-steady induction factors calculation
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Figure 4. Procedure for calculation of the influence of dynamic inflow model
4. Airfoil data preparation
As shown in Figure 3, the iterative procedure for calculation of the induction factors requires the
knowledge of aerodynamic characteristics (CL and CD) of the airfoils to determine the thrust coefficient
CT. This study employs the airfoil shapes that include S809 [5] and NACA 632xx series [6] airfoils. The
experimental data for these airfoils is available in the open literature for a range of angles-of-attack
(usually from -5 to 15 degrees) and Reynolds numbers [5, 6]. However, in the actual operation of a wind
turbine, the blades experience very high angle-of-attack regimes. The currently available data needs to be
expanded to cover high angles-of -attack regimes. This study uses Viterna's method in AirfoilPrep v2.2
developed by NREL [9] as the extrapolation tool to construct the CL and CD data between -180 and +180
degrees of angles of attack. The Reynolds numbers are chosen as some appropriate fixed numbers.
Figure 5 shows an example of airfoil data extrapolation for DU 91-W2-250 airfoil.
5. Results and discussion
5.1 Validation of BEMqs analysis tool
Before calculating the wind turbine power using the dynamic inflow model, BEMqs code validations are
performed to assess its accuracy and efficiency. Three different wind turbines are employed in the
validation process. The calculated results are compared with the experimental data in Reference [5] and
the BEM results of Ceyhan [3]. The first validation case is for the NREL wind turbine known as the
NREL Phase II wind turbine which has untwisted and un-tapered blades. The wind turbine employs S809
airfoil section along the blade without any twist and taper. The operating conditions and geometrical
properties are shown in Table 1 and Figure 6. The second validation case is for the NREL Phase III wind
turbine which has twisted and un-tapered blades. Table 2 and Figure 7 provide the operating conditions
and geometrical properties. The third validation case is for the Risoe wind turbine. This wind turbine has
both twist and taper in the blades. In Risoe wind turbine, NACA 63-2xx series airfoils are used. Table 3
and Figure 8 provide the operating conditions and geometrical properties of Risoe wind turbine.
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(a) Lift coefficient CL
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(b) Drag coefficient CD

Figure 5. Airfoil data extrapolation using the original experimental data
Table 1. NREL Phase II wind turbine general characteristics
Number of Blades
Turbine Diameter
Rotational Speed
Cut-in Wind Speed
Control
Rated Power
Root Extension
Blade Set Angle
Twist
Chord
Airfoil

3
10.06 m
71.3 rpm
6 m/s
Stall Control
19.8 kW
0.723 m
12 degrees
None
0.4572@all span location
S809

Figure 6. Geometric properties of NREL Phase II wind turbine
Table 2. NREL Phase III wind turbine general characteristics
Number of Blades
Turbine Diameter
Rotational Speed
Cut-in Wind Speed
Control
Rated Power
Root Extension
Blade Set Angle
Twist
Chord
Airfoil

3
10.06 m
71.3 rpm`
6 m/s
Stall Control
19.8 kW
0.723 m
3 degrees
44 degrees (max.)
0.4572@all span location
S809
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Figure 7. Geometric properties of NREL Phase III wind turbine
Table 3. Risoe wind turbine general characteristics
Number of Blades
Turbine Diameter
Rotational Speed
Cut-in Wind Speed
Control
Rated Power
Root Extension
Blade Set Angle
Twist
Root Chord
Tip Chord
Airfoil

3
19.0 m
35.6 and 47.5 rpm`
4 m/s
Stall Control
100 kW
2.3 m
1.8 degrees
15 degrees (max.)
1.09 m
0.45 m
NACA 63-2xx series

Figure 8. Geometric properties of Risoe wind turbine
Figures 9, 10 and 11 show the comparisons of results with the experimental data [5] and the
computations of Cehyan [3] for NREL Phase II, NREL Phase III and Risoe wind turbines respectively.
These three figures show that the BEMqs analysis tool employed in this study performs quite well in
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matching the experimental data for a wide range of wind speeds, especially at high wind speeds (greater
than 8 m/s). The improvement in comparisons between the test data and computations at small wind
speeds (lower than 8 m/s) requires more accurate CL and CD data. Considering that most large scale wind
turbines operate at high wind speed, the validation results are acceptable and the BEMqs analysis tool can
be considered as a good code for estimating the power output from a wind turbine.

Figure 9. Comparison of BEMqs calculations with test data for NREL Phase II wind turbine

Figure 10. Comparison of BEMqs calculations with test data for NREL Phase III wind turbine

Figure 11. Comparison of BEMqs calculations with test data for Risoe wind turbine
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5.2 Inclusion of simple dynamic inflow model in BEMqs (the code BEMinflow)
The simple dynamic inflow model described in section 3 is incorporated in BEMqs code following the
procedure outlined in Figure 4; the new code is designated as BEMinflow. It can be employed to evaluate
the influence of changes in wind speed and rotational speed of the rotor on power generation over a short
time interval of interest due to intermittent wind conditions. We consider almost sudden change in the
rotational speed of the rotor, a condition that always occurs during the startup stage of a wind turbine.
The effect of this change in rotational operating condition at a fixed wind speed is simulated using the
quasi-steady code BEMqs and the BEMinflow code that includes a simple dynamic inflow model. The
power generated by the NREL Phase II, NREL Phase III and Risoe wind turbines is computed under this
sudden change in rotational speed.
Again, the wind speed of 12 m/s is chosen as the mean steady wind speed for the three turbines; it is the
wind speed used in calculating the rated power of Risoe wind turbine. We consider the startup stage of
the wind turbines from zero rotational speed to desired rotational speed Ω (rad/sec) as given in Tables 1,
2 and 3. In addition to the free-stream wind speed, the input operating condition to the codes is the
turbine rotational speed Ω which is provided as a time varying function. The changes in Ω with time
during an initial time period of rotation T are shown in Figure 12 for NREL-Phase II and Phase III wind
turbines, and in Figure 13 for Risoe wind turbine. Figures 14, 15 and 16 respectively show the output
(power generation) from BEMqs and BEMinflow codes for NREL Phase II, NREL Phase III and Risoe
turbines.
Figure 12 describes the starting stage of NREL Phase II and Phase III wind turbines at a fixed wind speed
of 12m/s. The input rotational speed Ω changes from zero to the operating value of 71.3 rpm in a very
short time. Figure 13 shows the change in rotational speed Ω for Risoe turbine from zero to the operating
value of 47.5 rpm; the wind speed remains the same at 12m/s. Figures 14-16 show the change in output
power generation of wind turbines due to almost sudden change in rotational speed. When Ω first reaches
its operating value, the BEMqs and BEMinflow codes give slightly different results for power generation
during the early stage where the effect of sudden change in Ω from zero to its operating value is to
increase the power generation from the turbine for a very short period before it slowly goes back to its
steady state value predicted by the quasi-steady BEM code BEMqs.

Figure 12. Input to BEMqs and BEMinflow codes for NREL Phase II and Phase III wind turbines

Figure 13. Input to BEMqs and BEMinflow codes for Risoe wind turbine
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Figure 14. Output from BEMqs and BEMinflow codes for NREL Phase II wind turbine

Figure 15. Output from BEMqs and BEMinflow codes for NREL Phase III wind turbine

Figure 16. Output from BEMqs and BEMinflow codes for Risoe wind turbine
During the small time period when Ω changes from zero to its operating value, the BEMqs code predicts
the power increasing gradually with increase in Ω until it reaches the steady state value. BEMinflow code
however first predicts the power output higher than BEMqs which then decreases slowly to the steady
state value predicted by BEMqs. This difference in the predictions of BEMqs and BEMinflow is due to the
capability in BEMinflow to account for sudden changes in flow conditions. Here we have only considered
the effect of sudden change in rotational speed of the turbine. We have not considered the effect of
changes in wind speed over certain time period; this aspect will be considered in our future work. This
exercise is a demonstration of the effect of dynamic inflow in the rotor plane due to a change in its
operating conditions.
6. Conclusions and future work
The primary focus of this study has been to modify the quasi-steady BEM theory by including a simple
dynamic inflow model to capture the influence of unsteady wind conditions on the performance (power
generation) of wind turbines on sufficiently large time scales of the order of a few hours. First, the quasi-
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steady BEM code was validated by comparing its results with the experimental data available for NREL
Phase II and Phase III turbines and the Risoe turbine. The quasi-steady BEM code was then modified to
include a simple dynamic inflow model. The modified code was tested by considering the startup stage
of wind turbines when their rotational speed increases from zero to the rated operational value; the freestream wind speed was taken as a fixed value. The calculations showed that the modified BEM code
predicts a higher value for power generation during the early stage compared to the prediction from the
quasi-steady BEM code. The results show the need for including a dynamic inflow model in evaluating
the performance of a wind turbine because of the intermittent nature of wind velocity. This paper has
considered a very simple test case to show the effect of dynamic inflow in the rotor plane, the future
work will consider the effect of changes in wind speed over a realistic time period.
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